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Introduction
Central values of L-functions have been investigated extensively due to the significant arithmetic information carried by them. Among the various families of L-functions studied in the literature, the quadratic L-functions have received the most attention. For example, moments of quadratic Dirichlet L-functions were computed to address the non-vanishing issue of the central values. Asymptotic formulas for the first and second moments of central values of the family of quadratic Dirichlet L-functions were obtained by M. Jutila [15] with the error term for the first moment improved in [12, 22, 24] . K. Soundararajan [21] proved asymptotic formulas for the second and third moments with power savings. The error term for the third moment was improved in [6] and [25] .
Via the method of double Dirichlet series, moments of various families of L-functions associated with characters of a fixed higher order were studied in [3, 5, 7, 8] . Using more classical approaches, W. Luo [18] studied moments of cubic Hecke L-functions on Q(ω) with ω = −1+ √ 3i 2 and S. Baier and M. P. Young [1] investiaged the moments of cubic Dirichlet L-functions. Motivated by these results, we shall consider, in this paper, the moments of central values of cubic Hecke L-functions in the Gaussian field Q(i).
Before stating our results, we shall set up some notations. For an arbitrary number field E, we use O E for the ring of integers in E and U E for the group of units in O E . For k ∈ O E , an associate of k is any element of k ′ ∈ O E such that k ′ /k ∈ U E . We call an element ̟ ∈ O E a prime if (̟) is a prime ideal in O E and an element n ∈ O E square-free if (n) is square-free as an ideal in O E . If E has class number one and q ∈ O E , a characters χ modulo the ideal (q) of E is a homomorphism:
Moreover, χ is said to be a primitive character modulo (q) if it does not factor through (O E /(q ′ )) × for any proper divisor q ′ of q (i.e. q ′ is not an associate of q). In this case, we say that the conduct of χ is (q). When it is clear from the context, we shall use the term modulo q to mean modulo (q). χ is a principal character if it factors through (O E /(1)) × . When (O E /(q)) × is divisible by 3, then we can define characters of order exactly 3 modulo q and we call these cubic characters modulo q. It is easy to see that primitive cubic characters modulo q exist if and only if q = n i=1 ̟ i is a product of distinct primes ̟ i such that N E (̟ i ) ≡ 1 (mod 3) for all i, where N E denotes the norm from E to Q. In this case, every primitive cubic character χ modulo q is of the form χ = n i=1 χ i , where χ i is a cubic character modulo ̟ i , but regarded as a cubic character modulo q by composing χ i with the canonical homomorphism
Note that there are precisely two cubic characters modulo ̟ i and they are primitive.
Throughout this paper, we let K = Q(i) and F = Q(ζ 12 ), where ζ 12 is a fixed 12-th primitive root of unity such that ζ 3 12 = i, ω = ζ 4 12 . It is well-known that O K = Z[i] and U K = i . Both K and F have class number one (see [23, Theorem 4.10] and the table on class numbers in [23] ). Let χ be a primitive cubic character modulo some q ∈ O K . χ(i) = 1 since the order of i is co-prime to 3. So χ is trivial on U K and hence can be regarded as a primitive Hecke character modulo q of trivial infinite type of K. For m ∈ O K , n ∈ O F , (n, 6) = 1, let ψ m ((n)) = m n 3 where · · 3 is the Date: October 24, 2018.
1 cubic residue symbol in F (to be defined in Section 2.2). Then ψ m is a cubic Hecke character of trivial infinite type of F . It is our goal in this paper to study the first and second moment of the Hecke L-functions associated with these cubic characters at the central value. Our result on the first moment is Theorem 1.1. Let w : (0, ∞) → R be a smooth, compactly supported function. Then
where C 0 > 0 is a constant that can be given explicitly in terms of an Euler product (see (5.5) below), and w is the Fourier transform of w. Here and after the asterisk * on the sum over χ restricts the sum to primitive characters, and χ 0 denotes the principal character.
As for the second moment, we have
Then
where the astrisk * attached to the sum over m indicates that m runs over square-free elements of O K .
From Theorem 1.1 and 1.2, we readily deduce, via a standard argument (see [1] ), the following Corollary 1.3. There exist infinitely many primitive cubic characters χ of Q(i) such that L(1/2, χ) = 0. More precisely, the number of such characters whose norms of conductor ≤ Q is ≫ Q 7/9−ε .
One important ingredient in the proof of Theorem 1.1 and 1.2 is the following large sieve-type result with cubic characters of K. Theorem 1.4. Let (a m ) be an arbitrary sequence of complex numbers indexed by the elements m in O K . Then
(1.4)
Our proofs of the results in this paper follow along the lines of treatment given by Baier and Young in [1] . However, as the group of unit U F in O F is infinite, we are not able to replace the summation over ideals by the summation over elements in O F to apply Poisson summation to study the left-hand side expression of (1.4) . This is the main reason that the bounds in Theorem 1.2 and Corollary 1.3 are weaker than their analogues in [1] .
1.5.
Notations. The following notations and conventions are used throughout the paper. e(z) = exp(2πiz) = e 2πiz . f = O(g) or f ≪ g means |f | ≤ cg for some unspecified positive constant c. µ K denotes the Möbius function on O K . µ F denotes the Möbius function on O F . ζ F (s) is the Dedekind zeta function for the field F .
Preliminaries
In this section we provide various tools used throughout the paper.
Notations and Facts on Number Fields.
Here we introduce some basic notations and facts on number fields. For an arbitrary number field E, set d E = [E : Q]. We call an element of O E an E-rational integer and simply say a rational integer for any Q-rational integer. Let E ′ be another number field such that E ′ ⊂ E, we use N E/E ′ andTr E/E ′ to denote the relative norm and trace from E to E ′ respectively and use N E for N E/Q and Tr E for Tr E/Q .
In the case that E has class number one, we denote (δ E ) and (D E ) for the different and discriminant of E, respectively. We shall further fix generators δ E , D E satisfying N E (δ E ) = D E (see [19, Chap.III, Theorem 2.9]) and say that δ E (D E ) is the different (discriminant) of E. It is well-known that a rational integer ramifies in E if and only if it divides D E (see [19, Chap. III, Corollary 2.12]). µ E stands for the Möbius function on O E and we define µ E (a) = µ E ((a)) for every a ∈ O E . We also define e E (k) = e(Tr E ( k δE )) for any k ∈ E.
Recall that K = Q(i) and F = Q(ζ 12 ). We have U K = i and U F = ζ 12 , ǫ , where ε = 1+ √ 3 1−i is a fundamental unit (see [17, p. 221] ). We fix δ K = 2i so that D K = −4 and δ F = 2 √ 3i so that D F = 144. It follows that the only primes in Q that ramify in F are 2 and 3, in which case we have (2) = (1 + i) 2 , 3 = ( √ 3) 2 with 1 + i and √ 3 being the only primes in F lying above 2 and 3 respectively.
Note that F = Q(i, ω) is Galois over Q. We shall denote the Galois group of F over Q by τ × σ , where τ maps i to −i and σ sends √ 3i to − √ 3i. The Galois group of F over K thus equals σ . As F = KQ(ω), where K and Q(ω) are linearly disjoint with relatively prime discriminants, we conclude by [16, Proposition 17, p. 68 
It follows that an integral basis of O F over Z can be taken to be {1, i, ω, ωi}. Expressing √ 3 using this basis, we see that every element n ∈ O F satisfying n ≡ 1 (mod 3) can be written as n = a + bω + c [17, exercise 7.3] ). It is known that every ideal co-prime to 3 in O F has a generator which is ≡ 1 (mod 3) (see [17, p. 221] ). As such generators may not be unique, we shall now henceforth fix a generator ≡ 1 (mod 3) for every prime ideal of O F together with 1 as the generator for O F itself and extend to any composite n with (N F (n), 3) = 1 multiplicatively. We call these generators primary. In particular, we note that if we write n = n 1 n 2 with both n and n 1 being primary, then n 2 is also primary.
Primitive cubic characters.
Suppose that E is an arbitrary number field and let n ∈ N with n ≥ 2. Let µ n (E) = {ζ ∈ E × : ζ n = 1} and suppose that µ n (E) has n elements. Note that the discriminant of x n − 1 is divisible only by the primes dividing n in O E . It follows that for any prime ̟ ∈ O E , (̟, n) = 1, the map
is bijective. For such ̟, we define the n-th power residue symbol in E for a ∈ O E , (a, ̟) = 1 by a ̟ n,E ≡ a (NE (̟)−1)/n (mod ̟), with a ̟ n ∈ µ n (E). When ̟|a, we define a ̟ n,E = 0. Then these symbols can be extended to any composite c with (N E (c), n) = 1 multiplicatively. We further define · c n,E = 1 when c ∈ U E . For any 1 ≤ l ≤ n, note that · c l n,E = is an n/(n, l)-th residue symbol.
In the remainder of this paper, we shall reserve the symbol · · 3 for the cubic residue symbol in F . It follows from [17, Proposition 4.2, i)] that for all m, n ∈ O F , (n, 3) = 1,
Recall that the cubic reciprocity law (see [17, Theorem 7.12] ) states that for two integers m,
Also, the supplement laws to the cubic reciprocity law [17, Theorem 7.12] imply that for n = a + bω + c
From this we deduce that
This implies that for any n ≡ 1 (mod 9), we have ǫ n 3 = √ 3 n 3 = 1. It follows from this that the functions
can be regarded as Hecke characters (mod 9) of trivial infinite type. Similarly, one sees that the function n → 1+i n 3 can be regarded as a Hecke character (mod 18) of trivial infinite type.
Let ̟ ∈ O K be a prime satisfying (̟, 6) = 1. As O F = O K [ω] and the minimal polynomial for ω over K is
There are two types of primes in O K co-prime to 6. One is the set of primes whose norms are congruent to 1 modulo 4. Let ̟ be such a prime, then it follows from [17, Proposition 4 
where · · Z denotes the Jacobi symbol. We then deduce that in this case −3 ̟ 2,K = 1 if and only if N K (̟) ≡ 1 (mod 3). The other type of primes in O K is the set of primes that are also primes in Q, i.e. those rational primes that are congruent to 3 modulo 4. For such a prime p ∈ Z, it follows from [17, Proposition 4.2, iii)] gives that
Hence in this case all such primes split in O F . As in this case N K (p) = p 2 ≡ 1 (mod 3), the discussions above give that any prime ̟ in O K co-prime to 6 splits in O F if and only if its norm is congruent to 1 modulo 3. We then deduce that if (̟, 6) = 1, cubic characters modulo ̟ exists if and only if ̟ splits in O F . For such a ̟ that splits in O F , we write
gives rise to a cubic character modulo ̟ by
Thus the cubic symbol
gives rise to another cubic character modulo ̟ and therefore there is a one-to-one correspondence between primitive cubic characters modulo ̟ and cubic residue symbols modulo p with N F/K (p) = ̟. By multiplicity, we extend this one-to-one correspondence to the following classification of all primitive cubic characters of conductor q ∈ O K co-prime to 6:
The primitive cubic characters of conductor (q) with q ∈ O K co-prime to 6 are of the form χ n : m → ( m n ) 3 for some n ∈ O F , n square-free and not divisible by any K-rational primes, such that (N F/K (n)) = (q) ⊂ O K .
The Gauss sums.
Let E be a number field with class number 1 and χ be a character modulo q with q ∈ O E . For r ∈ O E , we define the Gauss sum g(r, χ) by
We write g E (χ) for g E (1, χ). Similar to the classical case shown in [4, Chap. 9], we have the following relation when χ is primitive:
In the special case of E = F , we define for any positive integer l ≥ 1, n, r ∈ O F and (n, 6) = 1,
We write g 3,F (r, n) for g 3,1,F (r, n), g 3,l,F (n) for g 3,l,F (1, n) and g 3,F (n) for g 3,F (1, n).
When (l, 3) = 1, the following well-known relation (see [20, p. 195] ) holds for all n:
We list some properties of g 3,l,F (n) in the following lemma, whose proof is omitted as it is similar to that of [11, Lemma 2.4].
Lemma 2.5. For any n, n 1 , n 2 ∈ O F and any prime p ∈ O F satisfying (pnn 1 n 2 , 3) = 1, we have g 3,F (rs, n) = s n 3 g 3,F (r, n), (rs, n) = 1, (2.5) g 3,F (r, n 1 n 2 ) = n 2 n 1 3 n 1 n 2 3 g 3,F (r, n 1 )g 3,F (r, n 2 ), (n 1 , n 2 ) = 1, (2.6)
otherwise.
(2.7)
We note that it follows from (2.5), (2.7) and the cubic reciprocity that for primary n 1 , n 2 satisfying (n 1 , n 2 ) = 1,
When χ is a primitive cubic character modulo q with q ∈ O K , (q, 6) = 1 , we have
where the last equality above follows from Lemma 2.3 with any n ∈ O F , N F/K (n) = q, n square-free and not divisible by any K-rational primes. Now we write a = xn σ + x σ n (mod nn σ ), where x varies over a set of representatives in O F modulo n. It is easy to see that as x varies (mod n), a varies (mod q). We then deduce via (2.5) that
It follows from (2.1) and the cubic reciprocity law that for primary n,
This implies that n σ n 3 ∈ K and hence equals 1. We then conclude that 
The above lemma is established in [11, Lemma 2.11] and we note that it is also shown in [11] that W K (t) ∈ R for any t ≥ 0 and that W K is a Schwartz class function as well. 
where A runs over all non-zero integral ideals in E and N (A) is the norm of A. E. Hecke showed that L(s, χ) admits analytic continuation to an entire function and satisfies a functional equation [19, Corollary 8.6 ]:
where (note that E is totally imaginary)
We refer the reader to [19] for a more detailed discussion of the Hecke characters and the associated L-functions.
Let G(s) be any even function which is holomorphic and bounded in the strip −4 < ℜ(s) < 4 satisfying G(0) = 1. Using an approximate functional equation (see Theorem 5.3 of [13]), we have (see [10, Section 2.3]) the following expression for L(1/2 + it, χ q ) if χ q is primitive:
where A, B are positive real numbers satisfying AB = N E (q),
We write V E for V 0,E and note that for a suitable G(s) (for example G(s) = e s 2 ) and c > 0 (see [14, Proposition 5.4] ):
On the other hand, if G(s) = 1, the j-th derivative of V E (ξ) satisfies (see [ We omit the proof of the next lemma as it is similar to that of Lemma 3.6 in [1] . Note that in the next lemma we use the convention that all sums over elements of O F are restricted to primary elements. 
Furthermore suppose that r = r 1 r 2 2 r 3 3 where r 1 r 2 is square-free, and let r * 3 be the product of primes dividing r 3 . Then 
where t = ℑ(s). Moreover, suppose that r = r 1 r 2 2 r 3 3 where r 1 r 2 is square-free, then the residue satisfies Res s=4/3 h(r, s; λ) ≪ N F (r) ε N F (r 1 ) −1/6+ε .
2.12.
The large sieve with cubic residue symbols. An important tool in the proof of our results is the following large sieve inequality for cubic residue symbols in F , which is a special case of [2, Theorem 1.3]:
Lemma 2.13. Let M, N be positive integers, and let (a n ) be an arbitrary sequence of complex numbers indexed by primary elements n in O F . Then we have for any ε > 0, * m primary
where the asterisks indicate that m and n run over square-free elements of O F and ( · n ) 3 is the cubic residue symbol.
The cubic large sieve in Q(i)
In this section we shall establish Theorem 1.4. Using Lemma 2.3, we see that
where the prime indicates that n is square-free and has no K-rational prime divisor.
Definition of certain norms.
To bound the expression on the right-hand side of (3.1), we begin by defining a norm corresponding to that double sum. Set Without any loss of generality, we may assume that (a m ) is not the zero sequence. With applications to Theorem 1.2 in mind, we further define a norm B 2 (Q, M ) in the same way as B 1 (Q, M ) except removing the condition that n has no K-rational prime divisor.
By the duality principle, we have
where we define the norm C 1 (M, Q) dual to B 1 (Q, M ) by
where (b (n) ) are non-zero sequences of complex numbers indexed by the ideals (n) in O F .
Furthermore, we define a norm C 2 (M, Q) by extending the summation in the definition of C 1 (M, Q) to all elements m ∈ O K with M < N K (m) ≤ 2M . Trivially, we have
3.2.
Comparison of the norms. We need the following lemma on the norms defined in the previous section.
Lemma 3.3. Let Q, M ≥ 1 and v a fixed positive integer . Then we have for any ε > 0,
Proof. As the proofs of (3.5)-(3.7) are similar to those of [1, (31), (33)], we omit them here by only pointing out that the proof of (3.7) makes use of (3.6). To prove (3.4), we recall that C 2 (M, Q) is the norm of the sum
where W : R → R is a fixed smooth, nonnegative, compactly-supported function such that W (x) ≥ 1 for 1 ≤ x ≤ 2.
Expanding out the sum on the right-hand side of (3.8), we get
Now we extract the greatest common divisor ∆ of n 1 and n 2 , getting
We further write δ = (n 1 , n σ 2 ) and change variables via n 1 → δn 1 , n 2 → δ σ n 2 to get
where we use that χ δ χ δ σ = χ 2 δ = χ δ . Next we remove the coprimality condition in the sum over m by the Möbius function. We shall do so by fixing a generator for every prime ideal of O K together with 1 as the generator for O K and extend to any composite 0 = n ∈ O K multiplicatively. We call these generators primary in O K . Thus we get
which by the Poisson summation formula (2.10) is
.
As χ n1 χ n2δ is a primitive character modulo N F/K (n 1 n 2 δ), we then derive from (2.3) and (2.9) that for any h ∈ O K ,
. Using this, we can rewrite (3.10) as
When h = 0, the expression in (3.10) vanishes unless n 1 = n 2 = δ = 1. Hence, the contribution of h = 0 to (3.9) is
In the sequel, we assume that n 1 , n 2 are primary. We then note that it follows from (2.3) and (2.8) that
Using this and changing n 1 → n σ 1 , we see that the contribution of h = 0 to the sum in (3.10) takes the form
Using (2.4), we see that the coefficients c, c ′ satisfy the bounds c ∆,δ,l,h,n , c ′ ∆,δ,l,h,n ≪
To estimate S W (M, Q), observe that we may freely truncate the sum over h for
Using this and (2.4), we then arrive at the following bound
To estimate U (∆, δ, l, h), we note the following consequence of Lemma 2.13 (see [1, (43) ]): Suppose that d n , d ′ n are arbitrary complex numbers supported on square-free primary n ∈ O F , with N F (n) ≤ X. Then by Cauchy's inequality, 
After using Möbius inversion to remove the coprimality condition N F/K (n 1 ), N F/K (n 2 ) = 1 and the Mellin inversion formula to remove the weight function W K , we apply (3.12) to see that
Inserting this into (3.11) and summing trivially over all the other variables gives (3.4).
3.4.
Completion of the proof of Theorem 1.4. We note that it follows from (3.2) -(3.5) that we have
for any v ∈ N. Theorem 1.4 now follows by taking v = 1, 2 and 3.
Proof of Theorem 1.2
In this section, we establish Theorem 1.2 and a variant of it. Since these results are easy consequences of Theorem 1.4 and all steps are standard, we will only sketch the arguments.
We shall first prove (1.1). Using the approximate functional equation (2.11), with E = K, A = B = N K (q) 1/2 and Cauchy's inequality, we estimate the second moment in question by
In view of (2.12), we may truncate the sum over m so that N K (m) ≤ M := (Q(1+|t|) 2 ) 1/2+ε with a negligibly small error.
Then we break the summations over q and m into dyadic intervals and remove the weight V it using the Mellin transform. We further write m = d 2 n, where n is square-free in O K , and use the Cauchy-Schwarz inequality again. Eventually, we arrive at sums of the form
2 which we then estimate using Theorem 1.4. More precisely, we use (1.4) with the last term, Q 11/9 + Q 2/3 M , in the minimum. Plugging this bound in and summing trivially over d gives (1.1).
Next we establish (1.2). It follows from (2.2) that for m square-free in O K , the character ψ m (n) = m n 3 can be regarded as a Hecke character of trivial infinite type with conductor f satisfying m/(3, m)|f, f|9m. Thus the Hecke Lfunction L(s, ψ m ), viewed as a degree 4 L-function over Q, has analytic conductor ≪ N F (m)(1+t 2 ) 2 = N K (m) 2 (1+t 2 ) 2 . A variant on the above argument reduces the problem of estimating (1.3) to bounding * NK (m)≤M * n primary, (n,6)=1 NF (n)≤c1(M(1+t 2 )) 1+ε
where c 1 is some positive constant and the star attached to the sum over n indicates that the sum runs over squarefree elements n ∈ O F . We further note that it follows from (3.7) and (3.13) that we have the bound B 2 (Q, M ) ≪ (QM ) ε (Q 4/3 + Q 1/2 M ). This together with the duality principle then gives the desired estimate.
We also establish the following variant of (1.2), which will be needed in the proof of Theorem 1.1. Let d ∈ O K with N K (d) ≪ Q, then (4.1)
To prove this version, we factor m as m 1 m 2 2 m 3 3 where m 1 m 2 is square-free in O K . Then ψ m(6d) 3 equals ψ m1 ψ m2 times a principal character. For each fixed m 2 , we then generalize (1.2) to give * NK (m1)≤M1 (m1,m2)=1
With this bound and Cauchy's inequality, it is easy to sum over m 2 trivially, giving (4.1).
Proof of Theorem 1.1
We let
We note that by Lemma 2.3, we have M = ′ n primary (n,6)=1
where the prime indicates that the sum runs over square-free elements n ∈ O F that have no K-rational prime divisors.
Applying the approximate functional equation (2.11) with G(s) = 1, A n B = N F (n) and writing V for V F , gives
It remains to evaluate M 1 and bound M 2 . The results are summarized with Lemma 5.1. We have
and (5.2)
Choosing B = Q 7/19 , whence A = Q 12/19 gives Theorem 1.1. The constant C 0 is given more explicitly in (5.5).
5.2.
Evaluating M 1 , the main term. We detect the condition that a primary n ∈ O F has no K-rational prime divisor using the formula (5.3) d primary in OK d|n µ K (d) = 1, n has no K-rational prime divisor, 0, otherwise.
We apply this formula and for fixed d ∈ O K , we fix a unit η d ∈ U F such that dη d is primary (in O F ). We then make a change of variable n → dη d n so that n is also primary. Further note that as n is co-prime to 6, any divisor d of n is also co-prime to 6. Hence d is not divisible by any primes in O K that ramifies in O F . Thus if d is square-free in O K , it is also square-free as an element of O F . The condition that dη d n is square-free then simply means that n is square-free and (d, n) = 1. We further define A by AB = Q so that A n = A NF (n) Q ≍ A for all n under consideration, in view of the support of w. Thus
Using Möbius inversion to detect the condition that n is square-free, we get
Next we use the Mellin transform of the weight function to express the sum over n as a contour integral involving the Hecke L-function. By Mellin inversion,
Integration by parts and using (2.13) shows f (s) is a function satisfying the bound for all ℜ(s) > 0, R > 0,
We then have
where L s, ψ m(6d) 3 is defined as in (1.2).
We estimate M 1 by moving the contour to the half line. When m is a cubic the Hecke L-function has a pole at s = 1. We set M 0 to be the contribution to M 1 of these residues, and M ′ 1 to be the remainder.
We evaluate M 0 first. Note that
where using the Mellin convolution formula shows
From the discussion in Section 2.2, it is not difficult to see that ψ m(6d) 3 is a principal character only if m is a cubic, in which case L s, ψ m(6d) 3 
where p runs over primes in O F .
Let C 1 be the residue of ζ F (s) at s = 1, then
Computing the sum over l explicitly, we obtain
We define
C 2 is clearly a constant. Using this, we arrive at
where ̟ runs over primes in O K . Let
which is holomorphic and bounded for ℜ(u) ≥ 1 + δ > 1. Then
We move the contour of integration to −1/6 + ε, crossing a pole at s = 0 only. The new contour contributes O(A −1/6+ε Q), while the pole at s = 0 gives
. Note that C(u) converges absolutely at u = 3/2 so it is easy to express C(3/2) explicitly as an Euler product, if desired. We then conclude that 
Apply the estimation from (4.1) and note that we can assume N (m) ≪ A 1+ε here, we obtain
. This combined, with (5.6), gives (5.1).
5.4.
Estimating M 2 . Using (2.9), we have
Now we need the following result: 
Our first move in the proof of Lemma 5.5 is to use Möbius inversion given in (5.3) , to remove the condition that n has no K-rational prime divisor. For fixed d ∈ O K , (d, 6) = 1, we fix a unit η d ∈ U F such that dη d is primary (in O F ), we then make a change of variable n → dη d n so that n is also primary. It follows from (2.8) that g 3,F (dη d n) = dη d n 3 g 3,F (dη d )g 3,F (n).
We use the notation g 3,F (d) = g 3,F (dη d )N F (d) −1/2 so that | g 3,F (d)| ≤ 1 by (2.4). It follows further from (2.4) that g 3,F (n) = 0 unless n is square-free. This gives
where H √ 3dη d m, X = n primary (n,6)=1 χ n √ 3dη d m g 3,F (n) N F (n) 1/2 w N F (n) X .
We estimate H with the following Lemma 5.6. For any l ∈ O F , write l = l 0 l 1 where l 0 is a unit times a power of 1 + i and a power of √ 3 while l 1 is primary. We further write l 1 = l 2 l 2 3 l 3 4 with l 2 l 3 square-free. Then we have H(l, X) ≪ X 1/2+ε N F (l 1 ) 1/4+ε + X 5/6 N F (l 1 ) ε N F (l 2 ) −1/6 .
Proof. Writing l = l 0 l 1 as above, we see that χ n (l) = l n 3 = l 1 n 3 · l 0 n 3 .
From the discussion in Section 2.2, the function λ(n) = l06 3 n 3
is a Hecke character (mod 18) of trivial infinite type. Thus H(l, X) = n primary λ(n) l1 n 3 g 3,F (n) N F (n) w N F (n) X .
Note that the identity (2.5) implies l1 n 3 g 3,F (n) = g 3,F (l 1 , n) for (n, l 1 ) = 1. Introducing the Mellin transform w(s) of w given in (5.4), we get (5.7)
H(l, X) = 1 2πi
(2) w(s)X s h(l 1 , 1/2 + s; λ)ds,
where h is defined in (2.14) .
We move the line of integration in (5.7) to ℜ(s) = 1/2 + ε, crossing a pole at s = 5/6, which by Lemma 2.11 contributes ≪ X 5/6 N F (l 1 ) ε N F (l 2 ) −1/6 . Also Lemma 2.11 implies the contribution from the new line of integration gives ≪ X 1/2+ε N F (l 1 ) 1/4+ε . This completes the proof of Lemma 5.6. Now, to prove Lemma 5.5, we treat N K (d) ≤ Y and N K (d) > Y separately, where Y is a parameter to be chosen. For N K (d) ≤ Y we use Lemma 5.6, while for N K (d) > Y we use the trivial bound H(l, X) ≪ X. Thus, writing write dm = (dm) 0 (dm) 1 where (dm) 0 is a unit times a power of 1 + i and a power of √ 3 while (dm) 1 is primary. We further write (dm) 1 = (dm) 2 (dm) 2 3 (dm) 3 4 with (dm) 2 (dm) 3 square-free in O F , we have
Note that for square-free where m 0 is a unit in O K times a power of 1 + i and a power of 3, m 1 primary in O K satisfying (m 1 , 6) = 1 with m 2 m 3 being square-free in O K . It is then easy to see that for square-free d ∈ O K with (d, 6) = 1, we have N K ((dm) 2 ) −1/6 ≤ N K (d) 1/6 N K (m 2 ) −1/6 . Using this, we see that H ′ (m, Q) ≪ Q 1/2+ε Y 1/2 N K (m) 1/2+ε + QY −1 + Q 5/6 N K (m) ε N K (m 2 ) −1/3 .
Choosing Y = Q 1/3 N K (m) −1/3 gives Lemma 5.5. By summing trivially over m one easily deduces (5.2).
